Abstract. In this paper we introduce so-called asymptotic logics, logics that are meant to reason about weights of elements in a model in a way inspired by topology. Our main subject of study is Asymptotic Monadic Second-Order Logic over infinite words. This is a logic talking about ω-words labelled by integers. It contains full monadic second-order logic and can express asymptotic properties of integers labellings.
Introduction
In this paper we consider logics that are able to express asymptotic properties about structures whose elements are labelled by weights. We call such logics 'asymptotic logics'. In general, these logics refer to a structure A together with a labelling function d, called the 'weight map', that maps elements or tuples of elements to non-negative reals. A typical example of such an object is a metric structure, i.e., a structure A equipped with a distance map d :
In general, we refer to such structures as 'weighted structures'.
We are interested in the formalisation of properties of asymptotic nature over weighted structures. Typical examples, in the case of a metric structure, are:
-Continuity of a function f : 
-Cauchy convergence of a sequence (a i ) i∈N :
Inspecting the syntax of these formulae, we note the following properties. First, there are two sorts: the objects that live in the universe of the structure, such as elements, series, functions, etc.. . . , and the objects living in R that are used to refer to distances. The map d is the only way to relate these two sorts, and all tests in which elements of R are involved are comparisons with variables ε, δ. More interesting is the remark that if a variable, say ε, ranging over R + is quantified universally, it is always used as an upper bound, i.e, positively in a test of the form d(−) < ε (positively in the sense that an even number of negations separate the quantifier from its use). Dually, if it is quantified existentially, it is always used as a lower bound, i.e., positively in a test of the form d(−) ≥ ε. In particular, this is the case for the test d(x, y) < δ in the sentences expressing continuity and uniform continuity, since it occurs in the left hand-side of an implication.
This syntactic property witnessed in the above examples can be turned into a definition. An asymptotic formula is a formula in which it is possible to quantify over quantities ∃ε, ∀δ, and the only way to use the map d is in tests of the form d(−) ≥ ε positively below ∃ε and d(−) < δ positively below ∀δ.
This restriction captures the intuition that variables ranging over R + are always thought as 'tending to 0' or 'to be very small'. In other words, they are only used to state properties of a topological nature. Our objective is to understand the expressive power and the decidability status of logics to which we have added this asymptotic capability.
Link with Topological Logics. Of course, logics as described above are related to topological notions, and as such these logics are not very far from the topological logics as studied in the seventies and eighties. These were logics (variants of firstorder logic) in which it is possible to quantify over open sets. There are several variants. Flum and Ziegler introduced a logic in which it is possible to quantify over open sets, but it is only allowed to test the membership in these sets under a positivity assumption with respect to the quantifier [11] (in a way very similar to our case). Rabin proved, as a consequence of the decidability of the theory of the infinite binary tree that the theory of the real line (R, <) with quantification over open sets is decidable [14] . On the other hand, Shelah and Gurevich showed that monadic formulas over Cantor space equipped with an 'is open' predicate is undecidable [12] .
Our approach is slightly different. Our base object is not, as above, a topology of open sets, but a weight map d. Of course, if d is required to be a distance,
